The mean first passage time, one of the important characteristics for a stochastic process, is often calculated assuming the observation time is infinite. However, in practice, the observation time, T, is always finite and the mean first passage time (MFPT) is dependent on the length of the observation time. In this work, we investigate the observation time dependence of the MFPT of a particle freely moving in the interval [L,L] for a simple diffusion model and four different models of subdiffusion, the fractional diffusion equation (FDE), scaled Brown motion (SBM), fractional Brownian motion (FBM), and stationary Markovian approximation model of SBM and FBM. We find that the MFPT is linearly dependent on T in the small T limit for all the models investigated, while the large-T behavior of the MFPT is sensitive to stochastic properties of the transport model in question. We also discuss the relationship between the observation time, T, dependence and the travel-length, L, dependence of the MFPT. Our results suggest the observation time dependency of the MFPT can serve as an experimental measure that is far more sensitive to stochastic properties of transport processes than the mean square displacement.
Introduction
Diffusion is one of few universally observed phenomena in nature; thus, it has been thoroughly investigated in non-equilibrium statistical mechanics [1] . However, anomalous subdiffusion has also been observed across a variety of systems such as charge carrier transport in amorphous semiconductors [2] [3] [4] [5] [6] [7] [8] , transport on fractal geometries [9, 10] , the diffusion of a scalar tracer in an array of convection rolls [11, 12] , the dynamics of a bead in a polymeric network [13, 14] , or polymeric systems [15] [16] [17] [18] . Subdiffusion is usually characterized by the following lag timedependence of the mean square displacement: 
where D  and ( ) z  respectively denote a generalized diffusion constant and a gamma function 
where ( , ) p x t denotes the probability distribution that a particle is located at position x at time t.
Equation (2) was derived by considering the continuous limit dynamics of the continuous-time random walk (CTRW) on a lattice characterized by a waiting time distribution, ( ) t  , of a random walker jumping to nearest neighboring sites with a heavy power-law tail, 
For the FDE model, it is known that the mean first passage time (MFPT) does not exist, given that our observation time is infinite [26] [27] [28] . In experiments or simulations, however, observation time is always finite and we observe only those first passage events occurring in our observation time. When our observation time is finite, the average of such first passage times is also finite and dependent on the length, T, of our observation time. This observation timedependent or T-dependent MFPT is defined as 0 ( )
where ( ) 
In this work, we investigate how the T-dependent MFPT for the FDE model compares to the T-dependent MFPTs for simple diffusion and various other subdiffusion processes.
Transport models

Diffusion equation
Let us consider a particle freely moving along the x-axis in the interval (L,L) . The particle's initial position is chosen to be the coordinate origin for the sake of simplicity. Here, a first passage time is defined as a time taken for the particle to reach L or L for the first time. When a particle's motion follows the classical diffusion equation, which is given by
with diffusion coefficient, 1
To obtain survival probability ( ) S t , or the probability that the particle remain in the interval ( L  , L ) as of time t, we first solve equation (6) with absorbing boundary conditions at x = L, i.e, ( , ) 0 p L t   using the well-known eigen-function expansion method [30] :
where k  is defined by 2 2 ( 1 2)
Then, the survival probability, ( ) S t , is obtained by integrating equation (7) over x from L to L, that is,
Substituting equation (8) into equation (5), we obtain the T-dependent MFPT, T t   , given by 
At values of 2 1 D T L larger than about 0.2, equation (9) 
which approaches the well-known result for the MFPT, 
where z is the dimensionless variable defined by
[see Appendix B for the derivation of equation (11)].
Fractional diffusion equation
When a particle's motion is governed by the FDE or equation (2), the Laplace transform,
, of ( , ) p x t can be obtained as [33] :
This result can be easily obtained simply by replacing 1
 in the Laplace transform of equation (7), because the Laplace transform of equation (6) 
Substituting equation (14) into equation (5), we have the T-dependent MFPT scaled by T, which is given by 
from equation (8) . When n is equal to 1, equation (18) 
. In this case, z is explicitly given by
Then, from the leading term of Eq. (17), we obtain the known asymptotic power-law relation,
, between the MFPT and the observation time for fractional diffusion motion [27] . Equation (17) is one of our main results, which is valid as long as the values of  are less than unity.
It is remarkable that equation (17) is applicable not only to the one-dimensional system but also to a multi-dimensional system with a finite spatial domain. For the latter system, the general long-time asymptotic expansion of the first passage time distribution for the FDE model is given in ref. [35] ; the corresponding survival probability has the following long-time asymptotic expression:
where the reflection formula, sin( ) ( ) 1 (1 ) x x x       , is used in the second equality.
Substituting equation (19) into equation (5), we recover equation (17) in the large-z regime.
On the other hand, in the opposite limit where
approaches zero, equation (15) 
where (2 )      and z is the dimensionless variable defined by
Appendix B for the derivation of equation (20)]. z is related to z as
. Note that equation (20) reduces to equation (11) when 1   .
Scaled Brownian motion
Scaled Brownian motion (SBM) is another model of anomalous diffusion. The position ( ) x t of particles undergoing SBM obeys the following Langevin equation [36] [37] [38] :
where ( ) D t denotes the time-dependent diffusion coefficient defined by
In equation (21), ( ) t  is white Gaussian noise with zero mean and delta function correlation,
In the absence of boundaries, the mean square displacement calculated from equation (21) is the same as equation (1). The Fokker-Planck equation corresponding to equation (21) is given by [36] 
By introducing a new time variable, (22) can be transformed into the classical diffusion equation, equation (6), explicitly,
Therefore, the solution of equation (22) under absorbing boundary conditions at x = L can be easily obtained by replacing t with  in equation (7):
The survival probability for the SBM is then obtained from equation (23) as
The T-dependent MFPT for the SBM can then be calculated as equation (5) with equation (24) . A detailed discussion on the observation time dependence of the MFPT is presented in Section 3.
Fractional Brownian motion
Fractional Brownian motion (FBM) is a self-similar, nonstationary Gaussian process with stationary increments [39] [40] [41] [42] [43] [44] [45] . The FBM is characterized by the Hurst exponent, H, which is related to the time exponent, , of the mean square displacement, equation (1) as
For such motion, the autocorrelation function at two different times is given by
which reduces to equation (1) when 1 2 t t  . The FBM can describe both subdiffusion
and superdiffusion (1 2 1) H   . In the current work, we only consider the case of subdiffusion.
Despite the FBM satisfying the same Fokker-Planck equation, equation (22), as the SBM, the survival probability for the FBM is not given by equation (22) . The FBM is a highly nonMarkovian process as implied by equation (25) , which depends on both 1 t and 2 t . In contrast, the autocorrelation function for the SBM, which is Markovian, depends only on the earlier time, explicitly, 36, 38] . For the first passage problem of a nonMarkovian process, a number of multi-time joint probability distributions characterizing the nonMarkovian process are involved in the first passage time distribution or the associated survival probability as explicitly shown in [46, 47] . The Fokker-Planck equation determines only a twotime (t, t) joint or conditional probability distribution that is insufficient for determining the first passage time distribution of a non-Markovian process.
We employ stochastic simulation to obtain the first passage time distribution or the survival probability of FBM, because their analytic expressions are yet to be obtained. Only the long-time asymptotic form of the first passage time distribution is known as (2 ) ( )
for a onedimensional semi-infinite system with a single absorbing boundary [48, 49] . In order to simulate FBM, we used the exact algorithm proposed by Davies and Harte [50] . Our simulation correctly reproduces the mean square displacement, equation (1) 
( )
, for the semi-infinite system mentioned above.
For a given value of L, once the time profile of the survival probability for the FBM is obtained from the simulation, T-dependent MFPTs at different values of T for the FBM can be easily calculated by using equation (5) and the time profile of the survival probability. To obtain accurate survival probability of the particle undergoing FBM, the maximum simulation time should be sufficiently larger than the mean first passage time. When observation time T is far shorter than
, our tracer particle does not reach one of the two absorbing boundaries in the majority of the trajectories. In this case, a direct calculation of the T-dependent MFPT from the simulation is inefficient. Equation (5) in the current work provides an efficient way to calculate the T-dependent MFPT from the survival probability, which is accurate even when
Wilemski-Fixman approximation
In this section, let us consider the Wilemski-Fixman (WF) approximation of the survival probability for both the SBM and the FBM, which have the common Fokker-Planck equation, equation (22) ( | ) f t x , of times taken for the particle being initially located at 0 x to reach L for the first time can be defined by the following integral equation within the WF approximation [30, 46] :
where 0 0 ( , | ) G x t x denotes the conditional probability distribution that the particle is found at x at time t, given that the particle's initial position was 0 ( , | ) 0 (26) is exact for a stationary Markov process, but is only approximate for non-stationary or non-Markov processes such as SBM and FBM. Equation (26) is used to find the approximate first passage time distribution for the FBM in ref. [53] . We extend equation (26) to obtain the first passage time distribution of a particle moving in the confined
as follows: In the current case without any external force exerting on a particle and with the choice of
. Equation (27) with 0 0 x  then reduces to
From equation (28), we can easily obtain the Laplace domain expressions of the first passage time distribution and the corresponding survival probability, that is,
On the right-hand side of equation (29a) 
from the Green's function for normal Brownian motion. When the value of  is unity, equation (29) with equation (30) reduces to
, the Laplace transform of equation (8), which is the exact result obtained for simple Brownian motion. This results because Equation (27) or WF approximation is exact for a stationary Markov process such as Brownian
Results and discussion
The observation time dependence of the mean first passage time can serve as a new experimental measure, far more sensitive to the nature of the stochastic process in question than the mean square displacement. Note that, even though subdiffusion models considered in this work yield the same mean square displacement (MSD), whose time profiles all obey equation (1) The T-dependent MFPT linearly increases with the observation time, T, when T is far smaller
 for all transport models investigated in the current work, as shown in Figure   1 . Because only first passage times shorter than T contribute to the T-dependent MFPT, the observation time serves as a low-pass filter for first passage times. In the small-T limit, the Tdependent MFPT gets close to T for all transport models (see Appendix B).
When T is far greater than  , the T-dependent MFPT of each model shows its own characteristic behavior. For SBM, FBM and their WF approximation, the T-dependent MFPT,
T t   
, saturates to a finite value in the large-T limit, whereas for the FDE model, the value of (1 , ) (1 , ) (1 ) 4 (17) in the large-T or large-z limit, where the leading-order term is given by
. The higher-order terms in equation (17) (17) keeping up to the fourth-order term is less than 10% for any value of  less than unity.
In Figure 2 , the T-dependent MFPT of the FDE model quadratically depends on L in the small-L limit, which resembles the diffusive scaling of the MFPT,
Brownian motion. The L 2 -scaling behavior results from the leading-order term on the right hand side of equation (17), dominant in the small-L limit, where equation (17) 
The SBM, FBM, and their WF approximation version show a different L-dependence,
, which is shown in equation (31) and Figures 2A-2D , and 3B. As shown shortly, T t T is a function of
only, so that the small L limit value of T t T is the same as its large T limit value for these transport models, as long as it exists. Accordingly, the MFPTs of the SBM, FBM, and their WF approximation version depend on L as
As L increases, for every transport model investigated, T
t T  
deviates from the small Lscaling behavior and monotonically increases, approaching unity. When
is much greater than unity, most first passage events occurs at times greater than observation time T. That is to say, the relative contribution of first passage events occurring at times less than T becomes smaller, as L increases. In the large-L limit, the mean of the first passage times less than T approaches T for any transport model (Appendix B).
The observation time dependence of the MFPT is closely related to the travel length dependence of the MFPT. This is because the survival probability, ( ) S T , is essentially a function of the dimensionless variable, ( )
for every transport model investigated in this work [see equations (8), (14), and (24) for examples].
Consequently, the T-dependent MFPT scaled by T is also a function of T  , that is, ( )
which can be clearly seen by following rearrangement of equation (5):
with t  denoting t  . Equation (32) implies that, so long as the value of 
Equations (33a) and (33b) can be obtained by considering only the leading-order term in the longtime asymptotic expansion of the Mittag-Leffler function in equations (13) and (14), and only the leading-order terms of equations (23) and (24) at long times, respectively. Using the orthogonality relation,
, it can be shown that the second equality in equation (33a) and (30) . At either absorbing boundary, Figure 3D ) [57] . It is known that  is related to the persistence exponent, , as Figure 3C or 3D) and a faster decay of survival probability ( Figure 3A) . Among the subdiffusion models investigated, the FBM and the SBM results have the highest and the lowest  values, respectively, and the WF result is in-between, implying that a stationary Markovian process, assumed in the WF approximation, is more advantageous than a nonstationary Markovian process, that is, SBM with respect to searching for specific targets, in the case of subdiffusion [63] .
As shown in Figure 3D , for the FBM with 0.3   , the numerical value of  is found to be 5.67, which is in good agreement with the -dependence of , i.e., 
Conclusion
For fractional diffusions equations, for which the MFPT does not exist, the observation time,
T, dependent MFPT defined in equation (4) or (5) 
is small, the T-dependent MFPT is linearly proportional to observation time T for every transport model investigated. As Equations (17) and (20) describe the asymptotic behaviors of the T-dependent MFPT of the FDE model in terms of the dimensionless observation time,
, at large and small T  regime, respectively. Equation (17) is applicable not only to one-dimensional system but also to a multi-dimensional system in a finite domain. The asymptotic behavior of the T-dependent MFPT of the normal diffusion is given in equations (10) and (11) for large and small T  values, respectively.
Appendix A. Derivation of equation (10)
Here, we derive equation (10), which is the large-T  expansion of equation (9) . Letting u (9) can be rewritten as
Noting that 
which is equivalent to equation (10) 
Appendix B. Derivation of equations (11) and (20)
In this appendix, we derive equation (20), which is the small-T  expansion of equation (26) with ( ) g T  , or equivalently ( ) S T being given by equation (12) . Equation (11) is a special case of equation (20) 
In the small-T  limit, we need the large-x asymptotic expansion of ( ; , ) W x a b  , which is given by
where  and X are defined by a The green dashed line represents the large-T asymptote for the FDE model, which is given by the first term on the right-hand side of equation (14) . For the other subdiffusion models except the FDE model, the T-dependent MFPTs approach their own MFPTs in the large-T limit. In the small- show that the long-time behavior of survival probability follows a stretched exponential decay for
